We consider the singularity formation of strong solutions to the two-dimensional full compressible Navier-Stokes equations with zero heat conduction in a bounded domain. It is shown that for the initial density allowing vacuum, the strong solution exists globally if the density and the pressure are bounded from above. Critical Sobolev inequalities of logarithmic type play a crucial role in the proof.
Introduction
Let Ω ⊂ R n (n = 2, 3) be a domain, the motion of a viscous, compressible, and heat conducting Navier-Stokes flow in Ω can be described by the full compressible Navier-Stokes equations      ρ t + div(ρu) = 0, (ρu) t + div(ρu ⊗ u) − µ∆u − (λ + µ)∇ div u + ∇P = 0, c ν [(ρθ) t + div(ρuθ)] + P div u − κ∆θ = 2µ|D(u)| 2 + λ(div u) 2 .
(1.1) Here, t ≥ 0 is the time, x ∈ Ω is the spatial coordinate, and the unknown functions ρ, u, P = Rρθ (R > 0), θ are the fluid density, velocity, pressure, and the absolute temperature respectively; D(u) denotes the deformation tensor given by D(u) = 1 2 (∇u + (∇u) tr ).
The constant viscosity coefficients µ and λ satisfy the physical restrictions
Positive constants c ν and κ are respectively the heat capacity, the ratio of the heat conductivity coefficient over the heat capacity. The study on the theory of well-posedness of solutions to the Cauchy problem and the initial boundary value problem (IBVP) for the compressible Navier-Stokes equations has grown enormously in recent years, refer to [2, 6-9, 12, 15, 16, 18-20, 25, 28] and references therein. In particular, non-vacuum small perturbations of a uniform non-vacuum constant state have been shown existing globally in time and remain smooth in any space dimensions [19, 20] , while for general data which may contain vacuum states, only weak solutions are shown to exist for the compressible NavierStokes system in multi-dimension with special equation of state as in [4, 18] , yet the uniqueness and regularity of these weak solutions remain unknown. Despite the surprising results on global wellposedness of the strong (or classical) solution to the multi-dimensional compressible Navier-Stokes system for initial data with small total energy but possible large oscillations and containing vacuum states [9, 12, 16, 25, 28] , it is an outstanding challenging open problem to investigate the global well-posedness for general large strong solutions with vacuum.
Therefore, it is important to study the mechanism of blow-up and structure of possible singularities of strong (or classical) solutions to the compressible Navier-Stokes equations. The pioneering work can be traced to Serrin's criterion [21] on the Leray-Hopf weak solutions to the three-dimensional incompressible Navier-Stokes equations, which can be stated that if a weak solution u satisfies
then it is regular. For more information on the blow-up criteria of compressible Navier-Stokes equations, we refer to [11, 22, 24] and references therein. Recently, there are several results on the blow-up criteria of strong (or classical) solutions to the full compressible Navier-Stokes equations (1.1). Precisely, let 0 < T * < +∞ be the maximum time of existence of strong solutions. For the 3D full compressible Navier-Stokes equations, under the assumption 7µ > λ,
It was improved later in [24] 
Under just the physical condition µ > 0, 2µ + 3λ ≥ 0, Huang-Li-Wang [10] established the following Serrin type criterion
Later on, Huang-Li [8] extended (1.6) with a refiner form
On the other hand, for the IBVP of 2D full Navier-Stokes equations, Wang [23] showed the formation of singularity must be caused by losing the bound of div u. More precisely, she obtained
It should be noted that all the results mentioned above on the blow-up criteria of strong (or classical) solutions of full compressible Navier-Stokes equations are for κ > 0. Recently, for the Cauchy problem and the IBVP of 3D full compressible Navier-Stokes equations (1.1) with κ = 0, under the assumption µ > 4λ, (
Huang-Xin [14] showed that 10) while for the Cauchy problem of 2D case, Zhong [29] established the following criterion
It is worth mentioning that in a well-known paper [26] , Xin considered full compressible NavierStokes equations with κ = 0 in multidimensional space, starting with a compactly supported initial density. He first proved that if the support of the density grows sublinearly in time and if the entropy is bounded from below then the solution cannot exist for all time. One key ingredient in the proof is a differential inequality on some integral functional (see [26, Proposition 2.1] for details). As an application, any smooth solution to the full compressible Navier-Stokes equations for polytropic fluids in the absence of heat conduction will blow up in finite time if the initial density is compactly supported. Recently, based on the key observation that if initially a positive mass is surrounded by a bounded vacuum region, then the time evolution remains uniformly bounded for all time, XinYan [27] improved the blow-up results in [26] by removing the assumptions that the initial density has compact support and the smooth solution has finite energy, but the initial data only has an isolated mass group. Thus it seems very difficult to study globally smooth solutions of full compressible Navier-Stokes equations without heat conductivity in multi-dimension. These motivate us to study a blow-up criterion for the IBVP of 2D full Navier-Stokes equations with zero heat conduction. In fact, this is the main aim of this paper.
Let Ω ⊂ R 2 be a bounded smooth domain, when κ = 0, and without loss of generality, take c ν = R = 1, then the system (1.1) can be written as
(1.12) and the constant viscosity coefficients µ and λ satisfy
(1.13)
The present paper aims at giving a blow-up criterion of strong solutions to the system (1.12) with the initial condition (ρ, ρu, P )( 14) and the boundary condition
Before stating our main result, we first explain the notations and conventions used throughout this paper. Set
For 1 ≤ p ≤ ∞ and integer k ≥ 0, the standard Sobolev spaces are denoted by:
Now we define precisely what we mean by strong solutions to the problem (1.12)-(1.15).
and (ρ, u, P ) satisfies both (1.12) almost everywhere in Ω × (0, T ) and (1.14) almost everywhere in Ω.
Our main result reads as follows: 16) and the compatibility condition
for some g ∈ L 2 (Ω). Let (ρ, u, P ) be a strong solution to the problem (1.12)-(1.15). If T * < ∞ is the maximal time of existence for that solution, then we have
Several remarks are in order.
The local existence of a strong solution with initial data as in Theorem 1.1 can be established by similar arguments as in [2] . Thus, the maximal time T * is well-defined.
Remark 1.2 According to (1.18), the upper bound of the temperature θ is not the key point to make sure that the solution (ρ, u, P ) is a global one, and it may go to infinity in the vacuum region within the life span of our strong solution. [14] , where the authors investigated a blow-up criterion for the IBVP of 3D full compressible Navier-Stokes equations with zero heat conduction, there is no need to impose additional restrictions on the viscosity coefficients µ and λ except the physical restrictions (1.13).
Remark 1.3 Compared with

Remark 1.4
As stated above, the same criterion has been derived by the author [29] for the Cauchy problem. However, the key idea in the present paper is different from that of in [29] . Roughly speaking, weighted energy estimates and Hardy-type inequalities play a crucial role in [29] , while the key ingredient of the analysis here is critical Sobolev inequalities of logarithmic type (see (2.6) and (2.7)).
We now make some comments on the analysis of this paper. We mainly make use of continuation argument to prove Theorem 1.1. That is, suppose that (1.18) were false, i.e.,
We want to show that sup
We first prove (see Lemma 3.2) that a control of upper bound of the density implies a control on the L ∞ t L 2 x -norm of ∇u. To this end, the key ingredient of the analysis is a logarithmic Sobolev inequality (see Lemma 2.4). The inequality implies the uniform estimate of u L 2 (0,T ;L ∞ ) due to the a priori estimate of u L 2 (0,T ;H 1 ) from the energy estimate (3.2). Then we obtain the key a priori estimates on L ∞ (0, T ; L q )-norm of (∇ρ, ∇P ) by solving a logarithmic Gronwall inequality based on a Brézis-Waigner type inequality (see Lemma 2.5) and the a priori estimates we have just derived.
The rest of this paper is organized as follows. In Section 2, we collect some elementary facts and inequalities that will be used later. Section 3 is devoted to the proof of Theorem 1.1.
Preliminaries
In this section, we will recall some known facts and elementary inequalities that will be used frequently later.
We begin with the following Gagliardo-Nirenberg inequality (see [5, Theorem 10.1, p. 27] ).
Lemma 2.1 (Gagliardo-Nirenberg) Let Ω ⊂ R 2 be a bounded smooth domain. Assume that 1 ≤ q, r ≤ ∞, and j, m are arbitrary integers satisfying 0 ≤ j < m.
The constant C depends only on m, j, q, r, a, and Ω.
Next, we give some regularity results of the following Lamé system with Dirichlet boundary condition, the proof can be found in [22, Proposition 2.1].
(2.1) Lemma 2.2 Let q ≥ 2 and U be a weak solution of (2.1). There exists a constant C depending only on q, µ, λ, and Ω such that the following estimates hold:
Here BM O(Ω) stands for the John-Nirenberg's space of bounded mean oscillation whose norm is defined by
|f (y) − f Ωr (x)|dy, and
where
|Ω r (x)| denotes the Lebesgue measure of Ω r (x). Next, we decompose the velocity field into two parts in order to overcome the difficulty caused by the boundary, namely u = v + w, where v is the solution to the Lamé system 2) and w satisfies the following boundary value problem
By virtue of Lemma 2.2, one has the following key estimates for v and w.
Lemma 2.3 Let v and w be a solution of (2.2) and (2.3) respectively. Then for any p ≥ 2, there is a constant C > 0 depending only on p, µ, λ, and Ω such that
4)
and
Next, we state a critical Sobolev inequality of logarithmic type, which is originally due to Brézis-Wainger [1] . The reader can refer to [13, Section 2] for the proof.
Lemma 2.4
Assume Ω is a bounded smooth domain in R 2 and f ∈ L 2 (s, t; W 1,q (Ω)) with some q > 2 and 0 ≤ s < t ≤ ∞, then there is a constant C > 0 depending only on q and Ω such that
Finally, the following variant of the Brézis-Waigner inequality plays a crucial role in obtaining the estimate of (∇ρ, ∇P ) L q . For its proof, please refer to [22, Lemma 2.3].
Lemma 2.5
Assume Ω is a bounded smooth domain in R 2 and f ∈ W 1,q (Ω) with some q > 2, then there is a constant C > 0 depending only on q and Ω such that
3 Proof of Theorem 1.1
Let (ρ, u, P ) be a strong solution described in Theorem 1.1. Suppose that (1.18) were false, that is, there exists a constant M 0 > 0 such that
First, we have the following energy estimate.
Lemma 3.1 Under the condition (3.1), it holds that for any T ∈ [0, T * ),
where and in what follows, C, C 1 stand for generic positive constants depending only on Ω, M 0 , λ, µ, T * , and the initial data.
Proof. 1. It follows from (1.12) 3 that
Define particle path before blow-up time
Thus, along particle path, we obtain from (3.3) that
2. Multiplying (1.12) 2 by u and integrating the resulting equation over Ω, we deduce from Cauchy-Schwarz inequality that
which combined with (3.1) implies that
So the desired (3.2) follows from (3.5) integrated with respect to t. This completes the proof of Lemma 3.1. ✷ The following lemma gives the estimate on the spatial gradients of the velocity, which is crucial for deriving the higher order estimates of the solution.
Lemma 3.2 Under the condition (3.1), it holds that for any
Proof. 1. Multiplying (1.12) 2 by u t and integrating the resulting equation over Ω give rise to
It follows from Cauchy-Schwarz inequality and (3.1) that
To bound the second term of the right hand side of (3.7), we decompose u into u = v + w, where v and w satisfy (2.2) and (2.3), respectively. Then we obtain from (2.2) and integration by parts that
then it follows from (1.12) that E satisfies
which combined with (2.5) and (3.1) gives that
which together with (3.9) yields
Putting (3.8) and (3.10) into (3.7), we get
Then we obtain from Gronwall's inequality that for every 0 ≤ s ≤ T < T * ,
where one has used the Poincaré inequality, (3.2), and the following fact
The combination (3.14) and (3.15) gives rise to
Recalling (3.2), one can choose s close enough to T * such that
Hence, for s < T < T * , we have
This completes the proof of Lemma 3.2. ✷ Next, motivated by [6] , we have the following estimates on the material derivatives of the velocity which are important for the higher order estimates of strong solutions.
Lemma 3.3 Under the condition (3.1), it holds that for any
Proof. By the definition ofu, we can rewrite (1.12) 2 as follows:
Differentiating (3.18) with respect to t and using (1.12) 1 , we have
Multiplying (3.19) byu and integrating by parts over Ω, we get 20) where J i can be bounded as follows. It follows from (1.12) 3 that
where T (u) = 2µD(u) + λ div uI 2 . For J 2 and J 3 , notice that for all 1 ≤ i, j, k ≤ 2, one has
So integrating by parts gives
22)
Inserting (3.21)-(3.23) into (3.20) and applying (3.6) lead to
By virtue of Gagliardo-Nirenberg inequality, (2.4), (2.5), and (3.6), one has
Consequently, we obtain the desired (3.17) from (3.25), (3.26) , and Gronwall's inequality. This completes the proof of Lemma 3.3. ✷ The following lemma will treat the higher order derivatives of the solutions which are needed to guarantee the extension of local strong solution to be a global one.
Lemma 3.4 Under the condition (3.1), and let q > 2 be as in Theorem 1.1, then it holds that for any T ∈ [0, T * ), sup
Proof. 1. For q > 2, it follows from the mass equation (1.12) 1 that ∇ρ satisfies
which follows from the standard L q -estimate for the following elliptic system
From Lemma 2.5 and (2.4), one gets
By virtue of Sobolev's embedding theorem, (2.5), and (3.1), one deduces that
Moreover, we have
Similarly, one deduces from (1.12) 3 that ∇P satisfies for any q > 2,
2. Let
Then we derive from (3.32) and (3.33) that f ′ (t) ≤ Cg(t)f (t) log f (t) + Cg(t)f (t) + Cg(t), (3.34) which yields (log f (t)) ′ ≤ Cg(t) + Cg(t) log f (t) (3.35) due to f (t) > 1. Thus it follows from (3.35), (3.17) , and Gronwall's inequality that
We infer from (2.4), (2.5), and (3.1) that
which combined with (3.36), (3.17) , and Hölder's inequality implies that
Thus the desired (3.27) follows from (3.36), (3.37), (3.6), and (3.1). The proof of Lemma 3.4 is finished. ✷ With Lemmas 3.1-3.4 at hand, we are now in a position to prove Theorem 1.1. Proof of Theorem 1.1. We argue by contradiction. Suppose that (1.18) were false, that is, (3.1) holds. Note that the general constant C in Lemmas 3.1-3.4 is independent of t < T * , that is, all the a priori estimates obtained in Lemmas 3.1-3.4 are uniformly bounded for any t < T * . Hence, the function (ρ, u, P )(x, T * ) lim t→T * (ρ, u, P )(x, t)
satisfy the initial condition (1.16) at t = T * . Furthermore, standard arguments yield that ρu ∈ C([0, T ]; L 2 ), which implies
Hence, −µ∆u − (λ + µ)∇divu + ∇P | t=T * = √ ρ(x, T * )g(x) with g(x) ρ −1/2 (x, T * )(ρu)(x, T * ), for x ∈ {x|ρ(x, T * ) > 0}, 0, for x ∈ {x|ρ(x, T * ) = 0}, satisfying g ∈ L 2 due to (3.27) . Therefore, one can take (ρ, u, P )(x, T * ) as the initial data and extend the local strong solution beyond T * . This contradicts the assumption on T * . Thus we finish the proof of Theorem 1.1. ✷
